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Scenario: locating illegal boats 
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Goal of the talk 

FDOA 

ÅTo review an approach for localization of a stationary target 

based on measurements of Doppler-shifted emissions by a 

moving UAV 

ÅTo provide a flag  to indicate when the target is in the far field, 

and thus indicate the algorithm results are partially unusable 

ÅTo interpret the meaning of the algorithm flag in terms of 

geometry.  
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General Set-up (One Emitter) 
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Target 

UAV Position j 

Emitter transmits sporadically. 

UAV detects transmission and 

associated Doppler shift. 

Emitter must localize the target. 

UAV Position 1 

UAV Position 2 



Information in one noiseless measurement 
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Target 

UAV Position j 

UAV Velocity vector 

Knowledge of Doppler shift determines 

two semi-infinite half lines. 

The target must lie on one of the half 

lines 

(The velocity vector bisects the angle 

between the lines) 



General idea for localization 
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Target 

UAV Position 1 

UAV Position 2 

UAV Position 3 

Each measurement gives a pair of lines.  

With enough measurements, generically 3, 

there will be a single intersection point.  

In the presence of noise, there will be no 

single intersection point.  



A note of caution 
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Target 

UAV Position 1 

UAV Position 2 

UAV travelling at right angles to target means 

no Doppler shift, and a doubly infinite line.  



A second note of caution 
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Target 

UAV Position 1 

UAV Position 2 

UAV Position 3 

Bad geometries exist! 



General idea for localization 
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Target 

UAV Position 1 

UAV Position 2 

UAV Position 3 

If we took doubly infinite lines rather than 

half-lines, there would still generically be only 

the one point of intersection with three or more 

measurements.  



Simplifications and nonsimplifications  for 

this talk 

FDOA 

ÅMovement is in two-dimensional space.  

ÅEmitter frequency with no shift is known!  

ÅThere will be noiseñsome of the time.  
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Mathematical treatment of a measurement 

 Data: 

 

 

 

 

 

Physics 
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Mathematical treatment of a measurement 

 Data: 

 

 

 

 

 

Physics 
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Radial speed 



Mathematical treatment of a measurement 

 Data: 

 

 

 

 

 

Physics 
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Call this ὭȢ 
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Mathematical treatment of a measurement 2 
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Å Key trick: replace ñlinear equation 1 OR 

linear equation 2 holdsò by ñquadratic 

equation (product of linear equations) 

holdsò. 



Mathematical treatment of a measurement 2 

19 

ÅThe single equation is of the form, for known ai and bi 
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Localization calculations   

ÅOne can stack 5 or more multiple equations and solve, 

disregarding  the relation between the entries of the solution 

vector. 

 

 

 

ÅOne can do a least-squares solution in the presence of noise with 

5 or more measurements.: minimize ||Aw-b||2 with respect to w 

and select 2nd and 4th entries of w.  

ÅOr we set up a quadratic optimization problem with quadratic 

constraints: 
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Localization calculations   

ÅOr we set up a quadratic optimization problem with quadratic 

constraints: 

 

 

 

 

 

 

 

ÅThis is standard to solve with Semi-Definite Programming (SDP) 
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Examples 
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Three dimensional problems 

ÅOne measurement determines a conical surface (apex at UAV, 

axis defined by UAV velocity. 

ÅThis corresponds to a quadratic equation in three position 

variables, x,y,z. 

ÅOne can get linear equations in x2, y2, z2, xy, yz, xz, x, y and z. One 

measurement gives one equation.  

ð9 measurements from generic points will give values for x2, y2,...z, 

disregarding the quadratic constaints between the 9 variables.  

ÅOne can use least squares, or (for more accurate results) SDP or 

Gauss-Newton to solve when equations are noisy.  
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26 

Knowing the exact emitter frequency 

Emitter 

(static) 

‰ 

UAV 

(moving) 

ɗ 

ÅSignals received at UAV come direct from radar and from 

emitter (as reflection of radar signal) 

ÅBecause radar position and thus bearing are known, the offset 

from the nominal f0  is obtainable from the Doppler-shifted 

radar signal measured at the UAV 

ÅThen cos (—-z ) is obtainable from the Doppler-shifted emitter 

signal measured at the UAV. 

Radar 

(static) 



Inexact emitter frequency knowledge 

ÅThe emitter frequency may be only approximately 

known (e.g. mobile phone is used at emitter) 

ÅThis means Doppler shifts may be known up to the 

same constant small offset:                                                                  

 

    is replaced by (with π ÔÈÅ ÏÆÆÓÅÔ 

 

ÅAgain linear equations and SDP can be used (with 

higher dimension vector of unknowns) 
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Examples 
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Target in Near Field Target in Far Field 


